The bloom of complex network study, in particular, with respect to scale-free ones, is considerably triggering the research of scale-free graph itself. Therefore, a great number of interesting results have been reported in the past, including bounds of diameter. In this paper, we focus mainly on a problem of how to analytically estimate the lower bound of diameter of scale-free graph, i.e., how small scale-free graph can be. Unlike some pre-existing methods for determining the lower bound of diameter, we make use of a constructive manner in which one candidate model G * (V * , E * ) with ultra-small diameter can be generated. In addition, with a rigorous proof, we certainly demonstrate that the diameter of graph G * (V * , E * ) must be the smallest in comparison with that of any scale-free graph. This should be regarded as the tight lower bound.
Introduction
As a special member of graph family, scale-free graph has attracted considerable attention in the past. One of important reasons for this is the bloom of complex network study in the last two decades, in particular, in terms of scale-free ones [1] . In the jargon of graph theory, we let G(V, E) denote a graph where V and E represent, respectively, vertex set and edge set. Accordingly, the symbols |V| and |E| are the order and size of graph G(V, E), separately. Mathematically, diameter of a graph G(V, E), denoted by D, is the maximum over distances of all possible vertex pairs. For a pair of vertices u and v, distance between them, denoted by d uv , is the edge number of any shorted path joining vertex u and v. Here we just consider simple graphs, i.e., one type of graphs that have no multi-edges and loops.
Description of problems
Given a graph G(V, E), one can determine with degree distribution, usually called degree sequence, whether it is scale-free or not. Graph G(V, E) can be considered scale-free if its degree distribution P (k) follows
where P (k) is the probability of randomly selecting a vertex with degree equal to k from graph G(V, E).
In discrete case, Eq.(1) can be expressed in an alterative manner as follows (2) in which N ki is the total number of degree k i vertices. It is convention to call P cum (k i ≥ k) the accumulative degree distribution of graph G(V, E). It is worth noting that we will prove the main result of this paper, i.e., how small scale-free graphs can be 4 , using Eq.(2) mainly because our graph is constructed in a deterministic manner.
Related work
Before starting with our discussions, we need to recall some previous related work in this field. Result 1 In [2] , the authors demonstrated using analytical arguments that scale-free graphs with 2 < γ < 3 have a much smaller diameter, behaving as D ∼ ln ln N . For γ = 3, this yields D ∼ ln N/ ln ln N , while for γ > 3, D ∼ ln N .
Result 2 In [3] , the authors showed that fixing an integer m ≥ 2 and a positive real number , then a.e. G n m ∈ G n m is connected and has diameter D(G n m ) satisfying (1 − ) log n/ log log n ≤ D(G n m ) ≤ (1 + ) log n/ log log n. where n is the order of graph G n m . Result 3 In [4] , the authors stated that for a random sparse graph G(V, E) with admissible expected degree sequence (w 1 , . . . , w |V| ), the diameter is almost surely
here d is second order average degree of graph G(V, E) that satisfies 0 < log d log |V|. As shown above, for all scale-free graphs, including deterministic and stochastic, or sparse and dense, the tight lower bound of their diameters seems to not be obtained. To do this, in this paper, we will generate a deterministic graph G * (V * , E * ) in a concise fashion. And then, it turns out to both be scale-free and have smallest diameter. First, below is the theorem whose complete proof will be deferred in Section 3.
Theorem For all scale-free graphs, the tight lower bound of the diameter is able to be equal to 2. From now then, let us turn our insight into construction of candidate graph G * (V * , E * ).
Construction
This section will introduce our proposed graph G * (V * , E * ) and provide a rigorous proof of Theorem. First, the seed, denoted by G * 0 , is a star with 2 leaves as shown in the top-left panel in Fig.1 . The second graph G * 1 can be generated based on G * 0 in the following manner, (i) making 2 duplications of seed G * 0 labelled as G * i 0 , (ii) taking an active vertex (blue online), (iii) connecting that active vertex to each vertex in star G * i 0 . For our purpose, we group all vertices of G * 1 into three classes, i.e., that active vertex allocated at the level 0, denoted by L = 0, the centers of stars G * i 0 at the level L = 1 and the remaining vertices of Fig.1 . The diagram of first three examples of graphs G * than 1. With our graph G * t with scale-free feature, it can easily determine that the diameter D * is exactly equal to 2. This completes our proof.
In a word, the lower bound of diameter of scale-free graph may be an ultra-small constant 2.
